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In this pape r  we study a s y s t e m  of different ia l  equations which d e s c r i b e s  nonsta t ionary  p r o c e s s e s  of 
nonlinear e las t ic i ty  t h e o r y  in an i sc t rop ic  medium.  Such a medium is c h a r a c t e r i z e d  by an equation of s tate  
E =E (I 1, 12, I 3, S), express ing  the internal  energy  density E (per unit mass)  on the deformat ion t enso r  in-  
va r i an t s  I1, I2, 13 and on the  entropy S. 

The  "v i scoe las t i c"  K e l v i n - M a x w e l l  t e r m s  are  included in the equations in o rde r  to desc r ibe  p las t ic  
deformat ion  p r o c e s s e s .  It is n e c e s s a r y  to introduce these  t e r m s  in o rde r  not to viola te  the continuity 
equations. The sa t i s fac t ion  of the law of en t ropy  i nc r ea se  during v i scoe las t i c  p r o c e s s e s  imposes  r e s t r i c -  
t ions  on the equation of s ta te  in the f o r m  of cer ta in  inequali t ies .  We show, in what follows, that  these  in- 
equali t ies  a re  always sa t i s f ied  if the equation of s tate  E =E (I1, I2, I3, S) is such that the sy s t em of equations 
is hyperbol ic .  The main content of our pape r  is  the study of t he rmodynamic  identit ies,  the composi t ion 
of the cha r ac t e r i s t i c  equation, the formula t ion  of the  conditions for  hyperbol ici ty ,  and the reduction of the 
sy s t em of equations to the s y m m e t r i c  hyperbol ic  f o r m  due to F r i ed r i chs .  We have been unable to find in 
the l i t e r a tu r e  a s y s t e m  of equations wri t ten  in a f o r m  sat is fying these  r equ i remen t s .  T h e r e f o r e  the f i r s t  
i t ems  in our  pape r  a re  concerned with a just i f icat ion of th is  f o r m . *  

The Invar iaa t s  p, D, and A of the deformat ion  t ensor ,  which a r e  used in wri t ing out the equations of 
the c h a r a c t e r i s t i c  cone in a s y s t e m  of coordinates  at tached to the pr incipal  axes  of the deformat ion t e n s o r  
(Sec. 5), make  it poss ib le  to see,  when E (p, D, A, S) does not depend on D andA,  that the c h a r a c t e r i s t i c s  of 
the s y s t e m  inquest ion reduce  to the c h a r a c t e r i s t i c s  of the hydrodynamic  equations. 

1. Conservat ion Laws and Murnaghan 's  F o r m u l a s .  We assume  that  the s tate  of a continuous medium 
is c h a r a c t e r i z e d  by the dis tr ibut ion of the density p, the internal  energy densi ty pE ,  the entropy density 
pS, the ve loc i ty  vec to r  f ields with components  u i ( i = l ,  2, 3), and the s t r e s s  t e n s o r  with components  ~ik 
(crik=~ki,  i, k = l ,  2, 3). The  medium as it moves  must  then sa t i s fy  laws fo r  the conservat ion  of mass ,  
momentum,  energy,  and entropy. We omit  any considera t ion  of heat t r a n s f e r  p r o c e s s e s .  T e r m s  which de-  
s c r ibe  ent ropy growth during re laxat ional  v i scoe la s t i c  p r o c e s s e s  will be taken up la ter .  The conservat ion  
laws for  the case  in question, wr i t ten  in di f ferent ia l  fo rm,  reduce  to the following d ivergence  equations: 

Op Op% 

Opu i o (pulu k - -  ~i~)  = 0 
at -~ oz k 

op (E -4- I/2uiu~) O [p% (E -4- Z/2uiu~) - -  u~z~] 
Ot ~ Oz k 

OpS OpS% 
ot + - - x C -  ~ = 0  

= 0  

To desc r ibe  the  s ta te  of the medium it is a lso n e c e s s a r y  to include the  deformat ion t en so r  e lk  or  the 
m e t r i c  t e n s o r  a s soc ia t ed  with it, gik = 6 i k - 2  eik" Using the f i r s t  pr inc ip le  of t he rmodynamics ,  we can, 

*L.  I. Sedov has cal led attention to  [1], where in  a study is made of the complete  sy s t em of l inea r  equations 
for  sma l l  pe r tu rba t ions  in a v i s coe l a s t i c  liquid. 
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t h rough  the use  of  the  equation of s ta te ,  
M u r n a g h a n ' s  f o r m u l a s  (see [2-4]) 

r e l a t e  the s t r e s s  and de fo rma t ion  t e n s o r s  by m e a n s  of 

P = Po V' te t  II 6i~ - -  2 e ~  
E = E (I1, I~, 13, S) 

H e r e  p and E a r e  a s s u m e d  to  be known funct ions  of the  de fo rma t ion  t e n s o r  (P0 is the  dens i ty  of the  
u n d e f o r m e d  medium) and the  I k a r e  the  inva r i an t s  of  the de fo rma t ion  t e n s o r  

11 = an + e22 + e83 

18si 8~2/ /8ss s83 Isis 8111 
Ell glS 813 ] 

I 
"[8 -~- 821 E22 823 

881 E32 883 

T h u s  E is a s y m m e t r i c  funct ion of the  c h a r a c t e r i s t i c  va lues  of the  de fo rma t ion  t e n s o r .  F o r  a funct ion 
of the  de fo rma t ion  t e n s o r  it is  n e c e s s a r y  to  d is t inguish  d i f fe ren t ia t ion  with r e s p e c t  to  the  componen t s  e ij 
and e j i ,  o the rwise ,  a f t e r  d i f fe rent ia t ing ,  we  would  have twice  as many  quant i t ies .  

Subject  t o  t h e s e  a s s u m p t i o n s  conce rn ing  the  equat ion of s tate ,  the  s t r e s s  t e n s o r  ~ ik  t u r n s  out be 
s y m m e t r i c .  

It is evident  tha t  M u r n a g h a n ' s  f o r m u l a s  a r e  t e n s o r i a l  in na ture  (in the  p r e s e n t  notat ion th i s  is only 
t r u e  r e l a t i ve  t o  o r thogona l  t r a n s f o r m a t i o n s  of the coord ina te  sys tem) .  If the  axes of the coo rd ina t e  s y s t e m  
coinc ide  with the  p r inc ipa l  d i r ec t i ons  of the  de fo rma t ion  (a lso of the s t r e s s )  t e n s o r ,  then 

s~ = 0 ff =p k), eli - -  el . 
t 3E 

zi~ = 0 (i 4= k), zil = P (t - -  2ei) __~ = P iZt--:~i O [(i -- 2al) -'/'] --~-~ zi 

(P = po ~/(i -- 28~) (i -- 282)(i -- 2e~)) 

For the parametrization E =E (a D a2, a3, S) of the equation of state, where a i = (1-2 8i) -I/2, the 
Murnaghan formulas reduce to the following form~ 

or,  t ak ing  note of the  fact  tha t  p = P o / a t a 2 a 3  

zi = paiEai  

(51 ---- P~ Ea, (al, as, a8, S) 
~2~8 

~ = 22--~ E~ (al, as, a~, S) 
t~3al 

z3 = p~ E~, (a,, as, a~, S) 
ala2 

Use  of the  p a r a m e t e r s  a j ,  a2,  a 3 makes  it p o s s i b l e  to  give an intui t ive de r iva t ion  of M u r n a g h a n ' s  f o r -  
mu la s  fo r  the  s t r e s s  t e n s o r .  If a vo lume  of the med ium in its u n d e f o r m e d  and u n s t r e s s e d  state  occupies  
a r e c t a n g u l a r  pa ra l l e l ep iped  with edges  (AxI)o, (Ax2)o, (AX3)o, then,  a f t e r  an adiabat ic  de format ion ,  it o c c u -  
p ies  a pa r a l l e l ep i pe d  with the  edges  A x i = a  i x (A xi)o, i .e . ,  a l ,  a2,  a 3 give the  expans ion  coef f ic ien t s  along the  
axes.  The  f o r c e s  act ing on the f aces  of the  pa ra l l e l ep iped  a re  as fo l lows:  

F 1 ~ (~lSxsAx3 = 01a2a 3 (Axs)0 (AX3)o 
F s = %Ax~Axl ---- %a3a i (Axs) o (Axi) 3 
F3 = % A x l A x ~  = %aia2 (Axi)o (Ax2)3 

Subjet to  the v a r i a t i o n s  6a  i of the  p a r a m e t e r s  a i ,  t h e s e  f o r c e s  p roduce  th rough  the d i s p l a c e m e n t s  a i 
an amount  of w o r k  equal to  

F16al (Axl)o -~ F~Sa 2 (Ax~)o + FaSaa (Axo)o = (alSala~aa -+- 

+ a2alSa2a~ ~, asala28aa) (hXl)o (Ax2)o (AX3)o 

which goes  to  i n c r e a s e  the  in te rna l  e n e r g y  
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(pAxlAxsAx3) E (an, a2, a3, S) -~ Po (Axl)s (Ax2)o (Axs)oE (a 1, a 2, as, S) 

/ 8al o 8a2 9o (Axl)0 (Ax2)0 (Axa)0 6E = alasa, ~1  ~ § 2 ~ § as ~-3 ) • 

• (aX,)o (aX2)o (aZs)o 

Cancelling the (Axl) 0 (Ax2) 0 (Ax3)0, we arr ive  at Murnaghan's formulas  

poOE = oxasaaOal § a2alaa~a 2 § a3ala~a s 
P0 OR po OE po' OE 

61 a2aa Oal ' (~2 ~ ~ OG2 ' 03 aaa2 0aa 

As usual ,  E S has  the  meaning  of  t e m p e r a t u r e ;  t h e r e f o r e ,  in the p a r a m e t e r s  a l ,  a2, a3, and S, we have 
the  fol lowing t h e r m o d y n a m i c  ident i ty:  

a3al  
6E (al, a2, as, S) = ~ 616al § ~ zsOa 2 § a,az ~aOas § TOS p0 

In the sequel ,  it is  occas iona l l y  convenient  to  use,  ins tead  of the p a r a m e t e r s  a i  c h a r a c t e r i z i n g  the 
p r inc ipa l  axes  of the de fo rma t ion  t e n s o r ,  the p a r a m e t e r s  

and a lso  the  inva r i an t s  p 

~) ~ ata2a 3 ~ gla2t~3 

D = 1/2 (dl 2 § d~ 2 § d32), A = d~d2d a 

The  invar ian t  p (density) c h a r a c t e r i z e s  the  deg ree  of compress ion  of an e l e m e n t a r y  vo lume  dur ing 
de fo rma t ion  while  the  inva r i an t s  D and A c h a r a c t e r i z e  i ts  change of shape.  In the  ease  of sma l l  d e f o r m a -  
t ions  the  invar ian t  D co inc ides  with the  quadra t i c  invar ian t  of the  dev ia to r  of the  de fo rma t ion  t e n s o r  

D = ~/2 [(~1 - -  1/~ (~ + ~2 + %))2 + (~2 -- ~/s (~1 + ~2 + e~))~+ 

+ ( a s  - ~/s (~  + ~2 + ~s)) ~] + o (I ~1 1 8 + I e2 1 s + I~s I s) 

F o r  sma l l  de fo rm a t i ons  the  quant i ty  A is a quant i ty  of  the  t h i r d  o r d e r  of s m a l l n e s s ,  and in l i nea r  
e l a s t i c i ty  t h e o r y  the  dependence  of E (0, D, AS) on A is not cons ide red .  

F o r  r e f e r e n c e  we give the e x p r e s s i o n s  for  the  p r inc ipa l  s t r e s s e s ,  which follow f r o m  Murnagha n ' s  
f o r m u l a s ,  whe re i n  we a s s u m e  the p a r a m e t r i z a t i o n  E(p ,  D,A,  S) 

01 = --  p2Ep § 9dlED - -  1/3 9 (d22 + d32 --  2dl 2) EA 
o2 = - -  p2E~ § pd, ED --  1/3 9 (da 2 + dl 2 --  2d22) E~ (1.1) 
za = - -  92Ep + 9dsED --  1/3 P (dl 2 -~- d22 --  2ds 2) EA 

It fol lows f r o m  t h e s e  f o r m u l a s ,  in p a r t i c u l a r ,  tha t  the  s o - c a l l e d  mean  p r e s s u r e  

_ 1/~ (oll + o22 + o~s) = - 1/~ (ol + o2 + ~s) = osE~ (o, D, ~,  S) 

may be ca lcu la ted  f r o m  the usua l  f o r m u l a  p = pz E0 (p, S) fo r  the  p r e s s u r e  in a gas.  

The  va lue s  dl, d2, d 3 can (to within t h e i r  order )  be d e t e r m i n e d  f r o m  the  invar ian t s  D and A as the  
roo t s  of the cubic  equat ion 

d a - - D d - - A = O  

It iS wel l  known tha t  all the  r o o t s  of th is  equat ion will  be r e a l  ff and only if the inequal i ty  

( n / 3 )  3 >  ( A / 2 )  3 

is sa t i s f ied .  

If  p ,  dl, 4 ,  da a re  known, then any o ther  p a r a m e t e r s  defining a de fo rma t ion  may  be ca lcu la ted  f r o m  
t h e m .  Thus ,  f o r  example ,  

a i =  e d ~ / ~ / p ,  e~ = 1/2 [t - -  e-~ai(p/po) ~/~] 

We a s s u m e  the  equat ion of s ta te  E = E  (p, D, A,  S) to  be such tha t  c o r r e s p o n d i n g  to  given pr inc ipa l  
s t r e s s e s  crl, ~2, ea the  c o r r e s p o n d i n g  p r inc ipa l  va lues  e l ,  ca, ~3 of the  de fo rmat ion  t e n s o r  can be r e - e s t a b -  
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l ished with the help of the Murnaghan formulas  (1.1). This assumption is needed to determine the uns t ressed  
"initial state" for  each element of the deforming medium relative to which the deformation is calculated 
(see [5], p. 67). 

2. Equations Describing Time Variation of the Deformation Tensor .  At t =0 let the met r i c  deformation 
tensor  gik ~ = 6 ik -2  e lk  define the deformation which must be produced in the neighborhood of each point 
in o rde r  that the s t r e ss  t ensor  at the point be zero.  The t ensor  gik ~ defines a met r ic  (element of length) 

dS ~ = g~~ dx ~ dxO~ 

A moving mater ia l  point with coordinates x i at t ime t will have coordinates x ~ at the t ime t =0, 

x ~  ~(x 1,x ~,x a,t) 

Since along the t r a j ec to ry  of a mater ia l  point the initial coordinate of the point, is constant, we have 

dx  oi Ox ~i Ox oi 

Differentiating this equation with respec t  to xJ, we obtain 

&zJ 0x ~ 

We determine the metr ic  t ensor  gik = 6ik - 2  e lk  in such a way that the element of length dS of a 
given moving mater ia l  vec tor  stays the same. We obtain 

dS ~ =- g~ d #  dx ~ = g~| dx ~ dx ~ 

There fo re  

o O z  oa ~ z o 3  
gij = g=~ Oxt OzJ 

and, consequently, 

Thus 

--dgiJdt = gaB~ -~-d I -~xt )fOx~ --Ox ~ i _~_ g. ~Ox ~ i "-~d k-~xi Ox~ = -- ga.s~ Oz~ a Oz~ j Ou~Oz i ~ Ox oa OxO~ 3 u  ~ 

ga~ Ox ~ Ox ~ Ox ~ 

dglj Ou = Ou = 
d--'~ = --g~a Ox j - - g j =  Ox ~ 

We note that since the behavior  of the medium is being descr ibed in an orthogonal car tes ian  coordi -  
nate sys tem xl, x2, x a, then x i= xl, u i = u i. Now, using the definition of the deformation tensor  aij = 1/2 (6 i j -  
gij), we obtain equations for the  time var iat ion of the deformation tensor  components 

d%j ~ 28. a u = ~  I /8.~ au~ (2.1) 

More detailed information concerning a kinematical ly deforming medium is available in L. I. Sedov's 
books (see, for  example, Eqs. (6.12) on p. 120 of [6]). 

We now explain through an example involving small  deformations a method of introducing into the 
equation t e r m s  describing the relaxation of tangential s t r e s ses .  La ter  on, we assume an extension of this 
method to finite deformations.  

In the case of small  deformations (r << 1) the Eqs. (2.1) assume a form well known in l inear  e las t ic -  
ity theory  

d% t [ o~i 0~j / 

For  small  deformations we can take the equation of state in the simplified form 

poE = ~/2 )~ (8~ + 8~2 + ~3) ~ + ~ (~j~j~) 
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f r o m  which it follows that  

and, consequently,  that  

d6ij Ou k / Ou i Ou t 

(2.2) 

In a v i scoe las t i c  medium,  for  example ,  in meta l s  in the  p r e s e n c e  of sufficiently l a rge  shea r  s t r e s s e s ,  
it is n e c e s s a r y  to introduce into the equations for  d~ i j /d t  t e r m s  p roposed  by Kelvin, Maxwell,  Voight, and 
o thers ,  which desc r ibe  re laxat ion  of the s t r e s s  deviator .  Af te r  the  introduction of these  t e r m s ,  the equa-  
t ions  in the l inear  case  can be wri t ten as 

. -  

Since the ~ij and the  e i j  a re  r e l a t ed  through the Eqs.  (2.2), the equations we have wr i t ten  out for  the 
~ij a r e  equivalent to  the following equations for  the gij:  

~ - ~  ko-~'~ - 0~ j ~" 

H e r e  T is the  c h a r a c t e r i s t i c  re laxat ion t ime  of the  tangent ia l  s t r e s s e s .  In these  equations the t e r m s  
in the square  b racke t s  desc r ibe  the var ia t ion  of the deformat ion  t en so r  with motion of the medium; the r e -  
maining t e r m s  in the r igh t -hand  s ides  of these  equations give a phenomenonological  account of the t ime  
va r i a t ion  of the "ini t ia l"  s tate  re la t ive  to which the deformat ion  t en so r  is calculated.  T h e r e  a r i s e s  the 
natural  des i r e ,  even in the case  of nonlinear  v i scoe las t i c i ty ,  to wr i te  

de~ t (8~ - -  Ou~ I (6~ --  2sj~) au~ 8ij - -  ~/3 (sn + ~22 + 8~) 6ij 

Here ,  however ,  an impor tan t  c i r c u m s t a n c e  ex i s t s  which de t e rmines  the method for  wri t ing down the 
re laxat ional  t e r m s .  When re laxat ional  t e r m s  of the type 

a r e  not included in the r ight  m e m b e r  of the equations for  the ~ ij, the continuity equation 

Op , OPUk 

then follows f rom the Eqs.  (2.1). 

The  densi ty p may be e x p r e s s e d  in t e r m s  of the m e t r i c  t en so r  gij and the deformat ion  t en so r  e l i  
through the fo rmu la s  

P = Po V det [] g~j I] ~ Pc 1/'d et[] 6~j - -  28~j11 

F r o m  this  it follows that  

i .e. ,  

We now mult iply each of the Eqs. (2.1) by the cor responding  0eij and add to get 

do 1 " 6 . .0%,  i . . . .  Ou,z 

dp i Ou a . { ~ O u o ~  dp O u l t _  Of) OPuh 
= d--y+-~-P81~0-~j -b-~-P ~0-~ - - ~ T - ~ P ~  - at ~- ox k 
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It is now clear  that  the relaxational  t e r m s  must be introduced in such a way so as no t  to  violate the 
continuity equation; to this end the re la t ions  

p,~f f~ = 0 

must be satisfied. (Summation here  with respec t  to i and with respec t  to j Is to be understood.) 

It is obvious that in the case of smal l  deformations 

p,~ = t ~  + 0 (~.~q2) 

this  relat ion assumes  the fo rm 

~11 "~- ~22 "~  ~33  -~- 0 

way: 

It is sat isfied automatical ly for  the Kelvin relaxattonal t e r m s  

When considering finite deformations,  it is natural to choose the relaxational t e rms  in the following 

coordinate sys tem and sat isf ies the condition Peij fPij =0. 

tlon of the p a r a m e t e r s  defining the state of the material .  
intensity 

,%,, -{-, p~, & P~,, 

This definition, as may be readily verif ied,  is lnvarlant with respect  to the choice of the orthogonal 
Moreover,  r may be an a rb i t r a ry  positive func- 

In par t icu lar  if 7 = ~ for  a tangential s t r e s s  

less  than q . ,  and r =70 for g rea te r  intensities,  we a r r ive  at a v i scoe las t ic  medium which possesses ,  for  
small  %, all the fundamental proper t ies  of a plast ic  mater ia l  satisfying the yon Mises plas t ic i ty  cr i ter ion.  

As another example, we present  a more  general  fo rm of the relaxatlonal t e rms ,  which In the pr inc i -  
pal axes of the deformation t ensor  (~ij =0(t r j), r ~t), have the form 

In this case also, it is easy to ver i fy  that for  a rb i t r a ry  7t, r2, T 3 (we again assume these to be pos i -  
tive) the condition P~ij qij  =0 is satisfied, which implies the satisfaction of the continuity equation. This 
fo rm of the relaxatlonal t e r m s  makes it possible  to model the p rocess  of incomplete plast ici ty,  wherein the 
intensity of the tangential  s t r e s s e s  may exceed ~,  on some areas  and not on others.  Moreover ,  we can 
assume that par t  of the 7t, 72, 73 is equal to co or some ve ry  la rge  t ime ~- ,  and a par t  equal to a small  
t ime 7 o. The previous ve rs ion  of the relaxatlonal t e r m s  may be obtained f rom that selected here by putting 
T 1 = T 2 = T 3 = T .  Putting 

de:~j f 2 cgu= 1 c~u~z 

we decompose the deformation rate t ensor  d eli  /d r ,  usually called the total deformation rate tensor ,  into 
an e las t ic  par t  de i j e /d t  and into a plast ic  par t  de i jP /d t=~ i  j.  The requi rement  Peij ~ij = 0 represen t s  a 
s ta tement  to the effect that plast ic deformations occur  without change of volume (see, for example, [7]). 

In calculating e las t ic -p las t ic  flows, Wilkins [8] managed to satisfy the yon Mises c r i te r ion  through 
a r a the r  a rb i t r a ry  p roces s  of normalizat ion of the deviator.  Such a normalizat ion leaves unclarlf ied the 
mat te r  of how to ver i fy  that the laws of the rmodynamics  are  satisfied. Apparently,  the introduction of a 
dependence of the relaxation t ime on the tangential  s t r e s s  intensity may lead automatical ly to almost an 
exact sat isfact ion of the plast ici ty conditions. Validity of the law of entropy increase  for  a given way of 
wri t ing the relaxational t e r m s  will be ver i f ied  in Sec~ 3. 
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We make several  r e m a r k s  concerning the compatibil i ty conditions for the model in question. It is 
well known that we can associa te  with each metr ic  tensor  gik = 6 i k - 2 e i k  the R iemann-Chr i s to f fe l  cu rva-  
tu re  tensor  

ox ~ o ~  oz ~ oz x § ~ . f  - -  g~r~" ~ r. ,  ~ + g~ro, x~I',, ~ 

Here r r ,  ik are  the Chr~stoffel symbols  

A nonzero value of Rikx/~ charac te r i zes  the "incompatibili ty" of the met r ic  deformation tensor  with 
Euclidean three-d imens ional  space. In three-d imens ional  space the tensor  Rikx~ has only six different 

nonzero components; thus, instead of the four-valent  curvature  tensor  Rik~#,  we can consider  the two- 
valent t ensor  Ri# with the same nonzero components 

or the Einstein t ensor  

R~ v. = g ~ R ~ x ~  

G~i ~ R ~  - -  x/~ git~R (It = gXl~Rxt~) 

(see, for example [9, 10]). 

The r eade r  in teres ted in the relationship between the curvature  t enso r  and the density of dislocations 
should consult ~ ~ 9, 12, 14 of the supplement to [11], and also [7]. These papers  are devoted to the l inear 
theory  of elasticity.  The role of the curvature  t ensor  as the incompatibili ty t ensor  was considered in [4]. 

We consider  next how the tensor  Gik va r i e s  with the t ime when the variat ion of the deformation ten-  
sor  is descr ibed by the equations 

de~ h 1 Ou a t 
a t = - - ~ - (  ~ -  2e~:) 0-~ + ~ -  

If we set the relaxational t e r m s  q~ik=0, it is then easy to see that the motion descr ibed by these 
equations can be regarded  as a continuous variat ion of the coordinates in the initial space with the metr ic  
g ~ ik �9 In addition, all the t enso r s  t r a n s f o r m  according to the same rule. In par t i cu la r  

d g ik cgu o~ Ou a 
""at" + g~ ~ + g~' ~ = 0 

Therefore  for Gik it is necessa ry  to wri te  

dGi~ Ou a Ou~ 
d----i- + a~ ~ + G~ ~ = 0 

Finally, this equation, being a relationship along the charac te r i s t i c s  (streamlines) of the elast ici ty 
theory  equations formulated above, can be obtained f rom these equations through differentiation and taking 
corresponding l inear  combinations. For  the case  in which the relaxational t e r m s  ~ik are nonzero, the 
equations for the Gik will have r ight-hand sides* ~ik, where 

dGik G Bu~ Oust 

% 

+ 2g ~ (P~. ~,P~, ~ -- P~. ~P~. ~) q~  -- gi~g~Xg v~ X 

Hr. a~ = ~ -}- 3x-"'-~ - -  " Oz---~ 

*In the equations for the #ik appearing below, we have used the contravariant  components gik of the metr ic  
t ensor  and the Christoffel symbols  F~v t corresponding to them. 
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In the theory  of an e las t ic  c rys ta l l ine  medium the nonzero curva tu re  t en so r  R i k x g ,  and the t e n s o r  
Glk assoc ia ted  with it, e ssen t ia l ly  c h a r a c t e r i z e s  the  nonzero density of dis locat ions  (see [7]). The t e r m s  
r  appear ing  in the r ight-hand sides of the equations for  the Gik, can be t r e a t e d  as a cha r ac t e r i s t i c  of the 
dislocation " source"  densi ty in the model of the v i scoe la s t i c  medium considered.  A study of the curva tu re  
t en so r  l ies  somewhat  outside the scope of this  study. We t h e r e f o r e  l imi t  ou r se lves  to the b r ie f  r e m a r k s  
made here .  

We r e m a r k  also that  the d ivergence  of the con t ravar ian t  components  of the t enso r  G ik is equal to 
zero,  

8 x  t: 

(see [10], p. 624). 

3. The Complete  System of Equations,  The i r  T rans fo rma t ion ,  and The rmodynamic  Ident i t ies .  The con-  
cepts  fo rmula ted  above lead  to a s y s t e m  of different ia l  equations descr ib ing  the behavior  of a continuous 
medium with t ime .  This  s y s t e m  cons is t s  of ten equations in ten unknowns 

ap (B + 'h  uiul) a [p% (E § % u~ui) - -  uizi~ ] + - -  = 0 (3.1) 
at ax k 

apui a (pulu ~ - -  zik) := 0 (t = l, 2, 3) 
at ~ Oz~ 

aeii Oeii Ou i auct 
at ~- u~ 0% azi q- 2ei~ 0---~- = %i q = l, 2, 3) 

a2eij 02e~5 Ou i at~j au~ au a 
at -? u~ 0% azj azi 4- 2si~ ~ 4- 2e~ ~ = 2q~ij 

(tI) = (12), (13), (23) 

In this system we have not included the continuity equation and the equation for the conservation (in 
crease) of entropy, slnce these equations are consequences of this system. Derivation of the continuity 
equation was given in Sec. 2. Our next concern is the law for the growth of entropy. We remark also that 
in the sequel (see Sec. 4), instead of the laws for the conservation of momentum 

apu i a (pui% - zi~) 0 
at -~ az~ 

it is n e c e s s a r y  to include in the s y s t e m  the nondivergent  Euler  equations for  the ve loc i t i es  

Out aui t 061h 
Ot ~ uk 0% p az~ 0 

which follow from the laws for the conservation of momentum and the continuity equation 

and also, in place  of the law for  the conserva t ion  of entropy,  

we use  the equation 

OpS @ s %  
at ~- Ox k = 0 

dS__0$ q_u aS 
d t  - -  0 t  k ~ - ; ,  - -  0 

which is  obtained f r o m  the p reced ing  equation and the  continuity equation 

OpS 

We can wr i t e  the sys t em of Eqs. (3.1) in the f o r m  
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" " A n qi h~n OA n 
ot ~- ~ / -  ~ + ~ + q~ ~ = 0 (~ = t, 2 ..... ~o) (3.2) 

..... ot + ~  + - ~  + A ' * o %  ~ = / ~  q = t ,  2 ..... /o) 

w h e r e  L, M k, H k, h kn a r e  a r b i t r a r y  func t ions ,  and A n and f i a r e  a r b i t r a r y  func t ions  of qt, "" ,  qi  0, r t ,  . . . ,  
rj0 , w h e r e  H k and h k~ a r e  h o m o g e n e o u s  func t ions .  T h e  natuire of t he  h o m o g e n e i t y  m u s t  be  such as  to  i m p l y  
t h e  E u l e r  i d e n t i t i e s :  

kn h ~n q~H~qi + r i l l  ~. = H ~, qih~q~ = O, r~h~ t = (3.3) 

T h e  cho i ce  of t h e  v a r i a b l e s  qi  and  r j  and  the  g e n e r a t i n g  func t ions  wi l l  be  d e s c r i b e d  l a t e r ;  f o r  the  
p r e s e n t  w e  show tha t  i f  t he  f i r s t  i 0 equatio-ns of the  s y s t e m  (3.2) a r e  m u l t i p l i e d  by  t h e  ' c o r r e s p o n d i n g  qi, the  
r e m a i n i n g  J0 equa t ions  by  t h e  c o r r e s p o n d i n g  r j ,  and i f  t he  r e s u l t s  a r e  a d d e d  t o g e t h e r ,  then ,  u s i n g  the  h o m o -  
g e n e i t y  equa t i ons  (3.3), w e  obta in  the  c o n s e r v a t i o n  law 

_ M k) 0 (qiLql + r jLr j  - -  L) 0 (qiikql + r~Ur~ 

T h e  v a r i a b l e s  qi  and r j ,  t h e  g e n e r a t i n g  func t ions  L,  M k, H k, h kn, and  t h e  func t ions  A n f o r  the  s y s t e m  
(3.1) have  t h e  f o r m  

q0 = i / Es, qi : - -  u i / E s  (~ = t, 2, 3) 

r l  ~ss 

ulu i 1 
r2 ~ 

- -  J [  �9 , 

t E " " r 4 = - -  

L = -- ~ E -- SEs -- T (p + p''' -5 p,~ + P~) -- ~-s e~kE.-~ 

M k = u k L  = _ qkqo- lL 

H 1  _~ gir l  -~ q~r4 + q3r5 HS  = q]ra -}- q~r5 + q3r~ H a  q]r5 + qare + q3r8 
qo q8 qo 

h n  qlrj h i  s _ qlr2 - -  2q~r4 h i  3 _ _  qlra--  2qar5 h t  4 : q~rl ' 
qo qo qo qo 

hi  ~ qarl h i  6 __ qlr~ - -  q2r5 - -  qar4 
qo qo 

h21 q~rl -- 2qtrt h~ z q~r~ h~ 3 qara -- 2qar~ h2 ~ =. qir~ 
qo qo qo qo 

h~ 5 : q~r5 -- qlr6 -- qar~ h ,  ~ : qar~ 
qo qo 

ha I qar~ ~ 2qlr5 ha s qar~ - -  2qsr5 ha a qara ha 4 qar, - -  q~r6 -- qsr5 
qo qo q8 qo 

ha a q~ra ha e ~- q~r~ 
qo , qo 

A" = L, , , ,  i . e . ,  A ~ = e m  A ~ = %~, A ~ = san, A ~ = 2sn, A ~ = 2el~, A ~ = 2~ss 

(the f o r m  of  t h e  ~01j w a s  c o n s i d e r e d  in Sec t ion  2). 

T h e  c o n s e r v a t i o n  law can then  be  w r i t t e n  a s  f o l l o w s :  

t S ~ _  OpSuk p 

Q = _ [E,i/p 0 + p-1 (E -- SEs -- t12 ukttk) P% (Pij] = -- E~jqhj 
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Here  we have used  the equation Psij 9i j  =0, which a s s u r e s  sa t is fact ion of the continuity equation 
(see Sec. 2). 

Thus the f o r m  of the equations shown is sui table for  the study of t he rmodynamic  re la t ionships ,  and the 
v a r i a b l e s  qi, r j  r e p r e s e n t  " in tegra t ing  fac to r s"  by which it is  n e c e s s a r y  to mult iply the equations of the 
sy s t em to obtain the law for  the conservation (or growth, ff Q > 0) of entropy. Analogous and substant ia l ly  
s imp le r  f o r m s  of the s y s t e m s  of equations of ma themat i ca l  physics  were ,  in fact ,  cons idered  in [12-15]. 
In these  p a p e r s  it was  shown that  the hyperbol ic i ty  of the s y s t e m s  in the F r i ed r i chs  sense  is a consequence 
of the canonical f o r m s  used for  wr i t ing  the equations.  

The reduct ion of the equations of nonlinear e las t ic i ty  t heo ry  to a " the rmodynamic"  f o r m  of this  type 
was  undertaken init ially with the same goal in mind, namely,  to  p rove  the hyperbol ic i ty  of the s y s t e m  and 
to obtain e s t i m a t e s  of the energy  in tegra l s  for  the der ived  solutions. However ,  a f te r  such a reduction was  
c a r r i e d  out, it b e c a m e  c l ea r  that  in th is  case  the s y m m e t r i c  hyperbol ic i ty  of the s y s t e m  is not an automat ic  
consequence of the f o r m  (3.2). The point is  that  because  of. the d iverse  c h a r a c t e r  of the homogenei ty  of the 
functions h kn i n t h e v a r i a b l e s  qi and rj ,  the conserva t ion  law fo r  the sys t em holds but the m a t r i c e s  

HM~ ~ H ~ . A,~h k,~ . h~,,A ~ WM~ , H ~ . A,~h ~,~ ~ Rk=I k qiqra T qi%n -F qiqrn q- qi q,n IL qi~'i "q- qtr~ -~ r ") 

) k k n ;~n ~ k A n kn 
\ (ML~:~ i + HS~ ~ + A h ~ )  (M, iq  + H ~  + hsq)  

in the quas i l inear  way of wr i t ing  the s y s t em (3.2), namely,  

\Lrj~{ Lr~rz/ r r 

a re  not s y m m e t r i c .  

Th i s  r e su l t  has lead to the necess i ty  of using an a l together  different  method for  calculat ion of the 
c h a r a c t e r i s t i c s  and a reduction of the s y s t e m  to a s y m m e t r i c  hyperbol ic  form,  namely ,  one based  on b road -  
ening the initial  s y s t e m  by including equations obtained by different ia t ing the Eu le r  equations for  the v e lo c i -  
t i es .  We desc r ibe  such a s ym m et r i z a t i on  in Sec. 4; for  the p r e sen t  we study the conditions the equation of 
s ta te  E (a 1, a2, aa, S) must  sa t i s fy  in o rder  that  the re laxa t ion  of the tangent ia l  s t r e s s e s ,  desc r ibed  by the 
f o r m  adopted for  the Kelvin t e r m s  ~0ij , will lead to the condition Q > 0, i .e.,  to the law for  the growth of 
entropy.  

In a s y s t e m  of coord ina tes  whose axes a re  d i rec ted  along the pr incipal  axes of the deformat ion  
t enso r ,  we have 

E~ii ~ E q  = ai3Eai, E~ij = 0 (~ 5b /) 

T h e r e f o r e ,  in th i s  s y s t e m  of coordina tes  

I '  ' ' 1-I 
4- ~ ( a~ ~ - -  a~E ,~ - -  a s g  ~ 

For  Q to be pos i t ive  it is sufficient to have the following inequali t ies sat isf ied:  

aaE a~ - -  a~E a~ . 
alEa'~-- a2Ea' > O, a~Ea'a2 ~ _~ a3 ~ a~Eas > O, ~ ~ ~ ~ 0 

In Sec. 5 it is  shown that  these  inequali t ies  a re  a n e c e s s a r y  consequence of the hyperbol ic i ty  of the 
s y s t e m  in question. 

4 2 Reduction of the System to a F o r m  Containing Second Der iva t ives  of the Veloci t ies ;  D e t e r m i n a -  
t ion of Conditions for  the C h a r a c t e r i s t i c s  to Be Real .  As a s t a r t ing  point for  fu r the r  study we take the 
s y s t e m  desc r ibed  e a r l i e r  

du k 06hi OEmn O~#i O~q 
P dt a s ~  0z~ as ax~ = fk  (4.1) 
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dernr~ t 0 u I 
dt 2 [ (~m~ --  2em~) ~i~ + (6'~ - -  2snt) ~m] -~-Tx. +q~m~ (4.2) 

- 3  

d8 i 
dt = ~ = "~S Q (4.3) 

We apply the ope ra to r  d/dr to each of the Eqs. (4.1) and into the r e su l t  we substi tute the der iva t ives  
with r e s p e c t  to O/~x i, obtained f r o m  Eqs. (4.2) and (4.3). We c a r r y  out th is  reduction in detail. 

Noting that  

a d a o a a au~ o d O au, o (4.4) 

we different ia te  Eqs. (4.2) and (4.3) with r e spec t  to xi: 

O demn i O2u I au l / Oeml OSnl x OTrnn 
at~ dt T[(~--2~m')~i~'~-F(6'n--2s"t)6~m]a~i ~-~-~-~ H-(I~,~-~-~-)-F o~---~-. (4.5) 

O dS . ro~ 
ax i dt ax i 

To Eq, (4.1) we apply the ope ra to r  d/dt ,  using the commutat ion rule  for  the o p e r a t o r s  d / d t  and 0 / 0 x  i 

( d )  2 a~. ~ a d~m. a ~  O d~ 
P - ~ -  uk 08mn ax i dt aS Ox i dt 

O~i au,~ asva ~ O~l~ i au,~ as  du~ dp (4.6) 
- ~ - O e m n  Ox i ax a ~ 08 Ox i ox: -~ dt dt 

dt \ O~m, / O~ dt \ aS / ~ -- dt 

and we r ep l ace  the second and th i rd  t e r m s  by the i r  exp re s s ions  (4.5). To s impl i fy  the wri t ing  we also in t ro -  
duce the notation a ~ l  for  the following t ensor :  

a~it = I 06kl 

i a%i i 0%1 

--  p6 0 (6~ - -  2e~) E,=~ --  p6~ (6~, - -  2s~t) g,=~ --  p (6~ --  2su) g ~  (4.7) 

Using an orthogonal  s y s t e m  of coordinates ,  we do not dist inguish between covar iant  and cont ravar ian t  
t en so r  components .  The ind ices  ij inthe t en so r  a~l.. are  r a i s e d  m e r e l y  to dist inguish the i r  role  f r o m  that  

of the indices td in the success ive  fo rm u l a s  and to make these  fo rmulas  easy  to read. We note now that  

+ a~  02uz I .j~ 'O2Uz ~ "' ~i~ '02Uz A~  o~uz 

We denote by A~l the t e n s o r  s y m m e t r i z e d  with r e spec t  to  i, j 

Ai{ = (4{ + ali) / 2p 

As a resu l t ,  the Eq. (4.6) may be rewr i t t en  as 

A~i 82ul _t_ t__ a~k~ fau l t  asmt ae~t~ a~m,(] 

O($ki a• t oahi au a OSrn n ~ O~ki Ouct a s  

p dt \aernn] ax i p - d - i - k a S J  ax i = T - ~ / -  81Jaxj dt 

the las t  t e r m  on the  r ight  side having been obtained with the  help of the continuity equation 

(4.8) 

(4.9) 
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Ou i du~ 1 dp du~ 
' ~ 7 ~ .  ~ = - 7 -  ~ ~ t  

We now e x p r e s s  the coefficients  d/dt  (0 ~ki  / ~ ~ ran) and d/dt  (0 a k i / 0  S) in t e r m s  of r  fl and 3 u l / ~ x j  
with the aid of Eqs. (4.2) and (4.3). 

If in the s y s t em  (4.1)-(4.3) under study we rep lace  the f i r s t  o rde r  Eq. (4.1) for  u k by the resul t ing  
second o rde r  Eq. (4.9), we may reduce the l a t t e r  to the following fo rm:  

c3x i Ox) Ox i 
dv = ~ Ou . 

(4.10) 

H e r e  

11 \ 

Aij a r e  the t h i r d - o r d e r  square  m a t r i c e s  3 • 3 

f A~ ~ ~ " z*12 *-a13 

A O =  Ai~(v)= A i ~ A ~ A ~ J  

B k a r e  r ec t angu la r  m a t r i c e s  of o r d e r  3 • 

C k a re  r ec tangu la r  m a t r i c e s  of o rde r  7 • 

B ~ = B ~ (v, O~ / Ox) 

C'  = C ~ (v) 

On the right side of the sys t em the re  appear  the v e c t o r s  F and ~, of d imensions  3 and 7, respec t ive ly ,  

F = F (v, du / dt, O~ / Ox), r = r (v) 

2 We obtain f r o m  Eqs. (4.7) and (4.8) an equation expres s ing  the ma t r ix  e lements  A l in t e r m s  of 

de r iva t ives  of E with r e s pec t  to the deformat ion  t e n s o r  components  

A~z~j = I/, (6k~ --  2eke,) (60~ --  2a~z) ( E ~ j  + E~:,~j~ + E~:~j~ + E~,i~ ) -- 
--  1/2 (61jg,~+ 6ziE,~) (6k~ --  2s~) --  1/2 (6~jE~+ 6~iE,~) (6i~ - -  2s,~) - 

- -  ~/~ ( E ~  + E ~ )  (6~z - -  2 s ~ )  ( 4 . 1 1 )  
F r o m  this  equation t he r e  follow the s y m m e t r y  re la t ions  

In calculat ing the c h a r a c t e r i s t i c s  of the s y s t e m  (4.10) it is  n e c e s s a r y  to keep in mind that  in the  
c h a r a c t e r i s t i c  equation only coeff ic ients  of the highest de r iva t ives  must  appear ,  i .e. ,  coeff icients  of the 
second de r iva t ives  of the v e c t o r  u and of the f i r s t  de r iva t ives  of the vec to r  v. Let  Ip be unit ma t r i x  of 
o rde r  p • p and let  ~ denote the express ion  w +u i ~i (w, ~i a r e  the components  of the wave vec to r  or  of the 
v e c t o r  normal  to  the c h a r a c t e r i s t i c  surface) .  The  equation of the c h a r a c t e r i s t i c s  has the f o r m  

I gi~jA~ i - -  ~iBi I 

The fac to r  (w +u i~ i  )7 in the cha r ac t e r i s t i c  equation shows that  the s t r eaml ine  is a multiple c h a r a c -  
t e r i s t i c .  For  a r b i t r a r y  fixed ~k the sixth degree  equation 
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has, on account of the s y m m e t r y  of the m a t r i c e s  Aij, the rea l  roots  ~k (w +ui~i) 2. 

It is evident f r o m  this  that  for  the s y s t e m  to be hyperbol ic ,  i .e. ,  fo r  the roots  w to be real ,  it is 
n e c e s s a r y  that  for  all ~k (~1 ~ +~2~ + ~2 ~ 0) the th i rd  o r d e r  ma t r ix  Aij ~i~j be posi t ive  definite. 

.. 
In the  sequel we supply va r ious  equations for  calculat ing the e lements  A~l in a s y s t e m  of coordinates  

connected with the  pr inc ipa l  axes  of the deformat ion  t e n s o r  (Sec. 5) and we show how the sy s t em (4.10) can 
be reduced  to a s y m m e t r i c  hyperbol ic  F r i e d r i c h s - t y p e  s y s t e m  of equations of the f i r s t  o rde r  (Sec. 6). 

5. Calculation of the E lements  of the Matr ix  A~l i n the Pr inc ipa l  Axes of  the Deformat ion  Tenso r .  We 

show that  in the pr inc ipa l  axes  of the deformat ion t en so r  the m a t r i x  A = ][Aij [[ has the following fo rm:  

[" A u- A TM AXa ) 

\ A  a A ~ Aaa 

0 Z/~N~ 
~/~N, 0 

0 0 
0 0 

\ ~/zOz ~ 0 

L, 0 0 ] 0 1/zNa 0 [ 0 0 */~N~ \ 
o o o o ! o  o o 
0 0 e~a'M~l 0 0 0 II~/~N~ 0 0 

0 lei~Ma 0 0 I 0 0 0 

0 I 0 L~ 0 I1 0 0 */,Nt 
0 ] 0 0e~'a'Mt[ O,a/~.Nt 0 

X/~N~ I 0 0 0 le~aTM"~'b 0 
0 I I 0 0 ~/~NxI 0 r 0 
o o ' , o  o 

where  

aoE --  aaE a 
L~ = a~E~,~,, MI  = ~ta~a~aa,W~ " a~ ~a' _ aa ~ ... 

a~E a+ -- aaE a' 1 
Nz = a~az LEarn, ~ ~ j (5.1) 

Equations for  the remain ing  Li, Mi, N i a re  obtained f r o m  Eq. (5.1) through a cycl ic  interchange of 
subscr ip t s .  In t e r m s  of the p a r a m e t e r s  O, D, A, di the coefficients  Lt, M1, N 1 a r e  e x p r e s s e d  as follows: 

L~ = 29E o + p~E~ + (% - dl) g v  + % (2d~ - -  D --  3d~da) E 4 + 
+ d ~ E ~  + (A / dx + D ] 3) ~ E ~  --  29daE~ - -  

- -  2P (A / dl 27 D / 3) E~,A + 2 (A + d t D  / 3) E.,,  
E D --  d~E A 2 (d~ -- 43) 

M1 = ezd, _ e~ ' 2 

N x = 2pE~ + p~Eoo --  ~/~E~ -4- ~/a (2dl --  D) E~, -4- Ad~-~EVD -4- 
D +(dlA DAgd~ 2d'~ DIEAA'~-dlOE~D"4-O(-~I  + - 3 y E t ' A  , 

dae'~ds ~ dze ~d~ 
.-[- ( +  d lD - -  A ) EDA d~e'~d* --  d3e2d" ED ~IEA 

~2ds _ ~2da ev.d~ - -  ~2d:~ 

(5.2) 

In the pr inc ipa l  axes  the c h a r a c t e r i s t i c  equation a s s u m e s  the f o r m  

I [ N~8~1 Nx~8~,~ e~a'M~ ~ + e ~ d ' M l ~  ~ + L~a ~ -  ~ 

We reca l l  that  fZ = co +u 1 ~1 +U2~2 +U3 ~3" 
The condition of hyperbol lc i ty  of the sy s t em r equ i r e s  the ma t r i x  to be posi t ive  definite, the roots  of 

the m a t r i x  being t2 2. In pa r t i cu la r ,  fo r  a r b i t r a r y  ~l, ~2, ~3 not all  zero ,  the sum Ll~t 2 +e2d2 M~2 2 +e2d~M~] : 
must  be posi t ive,  i .e. ,  for  hyperbol ic i ty  L 1, M2, M s must  be posit ive.  We reca l l  that  in See. 3 the inequali t ies  

a~a  t --a3Eas t p \Vn aaEa ~ --a~Ea~ i 9 xt/a + - +  = /w)  . . > o  
alEa~-  a~Eat t p ",~1, 

alZ--az ~ =l -~o  ) M a > O  
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g u a r a n t e e d  sa t i s fac t ion  of the law of grovc~h of en t ropy  fo r  r e l axa t ion  of the t angen t ia l  s t r e s s e s .  In the  
l i nea r  e l a s t i c i ty  t h e o r y  case  it is  a s s u m e d  tha t  the de fo rma t ions  a re  smal l ,  i .e . ,  in e v e r y  case  di, d2, da 
may  be r e g a r d e d  as sma l l  (e 2di ~ 1, p ~ P0), and the  equat ion of s ta te  is  given in the  f o r m  

+ 8~ + ~)= + ,~ [(~, - -  *4 (s~ + ~ -I- 8~)) = + (~ - -  ~/s (~  § ~ + ~s)) ~ + 
"Jr- (83 - -  1/3 (81 -}- $2 -~ 83))21 m (s / 2 -~ .~ / 3) ( i  - -  p / p0) = q- 2gD 

It is  then found that  

L~ = L~ = Ls : (~ -~ 2~) / p~, Mx = M~ ---- Ma = ~/P0 

and the  c h a r a c t e r i s t i c  equat ion a p p e a r s  in the  f o r m  

T h i s  f o r m  of the  c h a r a c t e r i s t i c  equat ion is known f r o m  the  l i nea r  t h e o r y  of e las t ic i ty .  

We now p r o c e e d t o  ca lcu la te  the  m a t r i c e s  AiJ, i .e . ,  to  obtain the  Eqs.  (5.1). F r o m  Eqs.  (4.11) of Sec. 
4 it fo l lows  tha t  to  ca lcu la te  the  A~l  it i s  su f f i c ien t  to  ca l cu l a t e  the  f i r s t  and second  d e r i v a t i v e s  of E with 

r e s p e c t  t o  t h e  d e f o r m a t i o n  t e n s o r  c o m p o n e n t s ,  n a m e l y ,  E g i j ,  E e l  ] g k l  " 

W e  c a l c u l a t e  the  d e r i v a t i v e s  in the  p r i n c i p a l  axes  of the  d e f o r m a t i o n  t e n s o r ,  i . e . ,  f o r  e l ]  = 0 (i  # ~), 
e l i  = ~ i i  ~ Let  g i be the  r o o t s  of the c h a r a c t e r i s t i c  equat ion 

8. e~- 8 ~ = - (8 -8~)(~- 8~)(~- 8~) = 0 

831 s g 3 a - -  8 

We a s s u m e  tha t  none of  the  d iagonal  e l e m e n t s  coinc ide .  Th i s  r e s t r i c t i o n  can be r e m o v e d  l a t e r  by a 
cont inuous  ex tens ion  of the  equa t ions  fo r  the  A~l_ to  the  c a s e  of one mul t ip l i c i t y  or  ano ther .  We expand 

El,  ~2, s in p o w e r s  of s i i - - g i i  ~ (i # j )  

-- ~ ~ p q r s S p q g r s  ~ �9 �9 �9 "~- I?,Ya .4- ~ i  
p ~ q ,  r-~s 

To ca lcu la te  ~pqrsi we subs t i tu te  th i s  expansion into the  c h a r a c t e r i s t i c  equat ion 

821 825 - -  g l l  - -  {}1 g'~3 = - -  ~1 (822 - -  811) (833 - -  811) - -  ($33 - -  g11) 812821 - -  (822 - -  g l l )  g1'831 - r  . . . .  0 

831 $32 835 - -  E l l  - -  81 

T h e  quant i ty  ~i is of the  second  o r d e r  of s m a l l n e s s  and the  t e r m s  d i s c a r d e d  a r e  of the  fou r th  o r d e r  
of s m a l l n e s s .  

F r o m  this  we  have 

~12 821 

833--$11 E 2 2 ~ 8 1 1  ~ 833~ a 
812 821 g13 gel 

g l  : 811 -- "SgOgllO 
8~~ -- gll ~ 

and, fu r the r ,  

081 = 1~ 0sl  

if, s imu l t aneous ly ,  we do not have the  condi t ion p =1,  q = 1 

0281 = 0, 0~8~ = 0 ,  0~81 
(0ei~)------~ 08m083-----; ~ : 

0281 t 
0818 0831 $11~ ~ 

1 I 
g o o 

11 -- g22 -- ~I -- $~ 

i 

81 -- 83 
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All the remain ing  de r iva t ives  a r e  calcula ted in an analogous way, being obtained by cycl ica l ly  p e r m u -  
ting the subscr ip ts .  

As  a resul t ,  we have 

08 i 
E~pq = g t  i 0Spa 

02s i Oe i Os i 
EePq trs ~ E l i  Ogpq Oars ~- EtieJ OSpq 08rs 

EEil = E~ i, Et,~tjj = E~i~ i 

gti -- NU (g #:/) 
E~ii~ii s i -- s i 

and all the remain ing  der iva t ives  a re  zero .  

We consider  the pa r am e t r i z a t i on  

E -= E (aI, a~, an, S) = E ]/I  -----~-~, ' g ~ '  1/'t - - ~ e a '  S 

In t e r m s  of the a i the de r iva t ives  may be wri t ten 

E~ii  = aiaE, ai, E~ii~ji  = aiSai3Eaiaj 

E t i i ~  = a~eEaia~ @ 3aiSEai (5.3) 

2a~2aj2 aiaE al - -  aj3E ai 

and all the remain ing  de r iva t ives  a re  zero .  

The use  of Eqs. (5.3) in Eqs. (4.11) leads  to the Eqs.  (5.1) for  the Aikj l..  in the coordinate sys t em 

chosen. Obtaining Eqs. (5.2) f r o m  Eqs. (5.1) is an e lementa ry ,  even though somewhat  involved, exe rc i s e  
in pe rmut ing  the va r i ab les .  We shall  not supply the deta i ls  here.  

6. Symmet r i c  System of Equations of the  F i r s t  Order .  In Sec. 4 i t  was  shown how the equations of 
e las t ic i ty  theory  can be reduced  to the f o r m  (4.10). 

Th is  sys t em can be rewr i t t en  as 

d ~ BiOv (-gi-) u - - (A i~  + X'J) 02u --  F 
OxiOx j Ox i 

de Ou 
d---( = Ck ~ + ~ 

In th is  way of wr i t ing  the equations we have introduced complete ly  a r b i t r a r y  s k e w - s y m m e t r i c  (xij = 
- X J i = - x i J  *) m a t r i c e s ,  concre te  exp res s ions  fo r  which a re  given Ia te r .  

We introduce the new v a r i a b l e s  

w3" \ dun I dt q3i k Ou31 Ox i I 

and with the i r  aid we r ewr i t e  the equations in the f o r m  of a f i r s t  o rde r  sys tem:  

du /d t  = w 
...oqj _ Ba O, = F d.,dt (Ai~ + X . )  ~ o~i 

dqj ,. Ow 
- -  q:,iq~ (] : i ,  2, 3) 

dt Ox i 
dr~ti t  = ~p 

Ins tead of this  sys tem,  it is convenient to consider  the s y s t e m  obtained by replac ing  the equations in 
the  l as t  two rows  by l inea r  combinat ions  of them 
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du / d t =  w 
dw Oq i __ Bi Ov ~ (A~ + X~)-~-~ ~ = F 

( A~i + X~) ~dq~ + B~-d~ dv _ (A~ + X~) ~aw = cl)~ 

dv Ow 
B ~* +p-y i - - -B~*-~U~:~F  

(i = (, 2, 3) 

In the l as t  equation we have introduced yet another  a r b i t r a r y  ma t r ix  P; how it is to be se lec ted  wii1 be 
desc r ibed  la te r ,  ff we introduce the vec t o r  of unknown functions 

W 

ql 
U :  q~ 

q~ 

we can wr i t e  the l a t t e r  s y s t e m  in the following s y m m e t r i c  fo rm:  

/ I 3  0 0 0 0 
0 I8 0 0 0 
0 0 A 11 A 1~ + X 12 A xa + X TM 

0 0 A 21-{- X ~1 A ~2 A z a +  X ~ 
0 0 A ~ I + X  sl A a ~ + X  a~ A aa 
0 0 B 1. B ~* B ~* 

l 0  0 0 0 0 0 ) 
0 0 -- A ~t - -  X { 1 -  A ~ -  X ~ -- A ~ -  X ~s-:- B i \ 

| 
..}_ 0 - -  A u - -  X ~ 0 0 0 0 og 

0 -- A ~ -  X ~ 0 0 0 0 

0 --  A ~ -  X ~ 0 0 0 0 
0 - -  B i* 0 0 0 0 

0 
B 1 
B ~ § 
.B 3 

P 

F 

~2 
q~3 

(6.1) 

In o r d e r  for  th is  s y s t e m  to be a s y m m e t r i c  t - hype rbo l i c  s y s t e m  in the F r i ed r i chs  sense,  it is neces -  
sa ry  to choose the xiJ and P so that  the m a t r i x  coefficient  of d U / d t  will be posi t ive  definite. It is not diffi- 
cult to show that  if the m a t r i x  

A u A I 2 - k X  ~ B la-kX13\ 
A 21 -k X ~1 A ~ A ~a -k X ~3 ) A 31 -b X 81 A 3~ -k X 3~ A 8a 

(6.2) 

is pos i t ive  definite, then by choosing the m a t r i x  P to be "suff ic ient ly  l a rge"  (i.e.,  a posi t ive  definite P with 
i ts  l eas t  c h a r a c t e r i s t i c  value sufficiently large) we can a s su re  pos i t ive  def ini teness  of the en t i re  ma t r i x  of 
in te res t .  For  the xiJ we take  

X i ; l i J  = 

A~{5, if k ~ l ,  ~ ]  

0 ,  if k = l ,  ~ ]  

X ~ i  ___ 0 

With th is  choice of x i j  the m a t r i x  (6.2) appea r s  as follows in a sy s t em of coordinates  with axes 
d i rec ted  along the pr inc ipa l  axes of the deformat ion  t enso r :  
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/ L~ 0 0 0 Na 0 0 0 N2 \ 
0 e~d,Ms 0 0 0 0 0 0 

o o 
0 0 e~a,M~. 0 0 0 0 0 
0 0 0 e~d,Ma 0 0 0 0 0 
N~ 0 0 0 L, 0 0 0 N~ 
0 0 0 0 0 e~,M~ 0 0 0 
0 0 0 0 0 0 e~,M~ 0 0 
0 0 0 0 0 0 0 e~a,M~ 0 

N~ 0 0 0 N~ 0 0 0 La 

The conditions for  it to be pos i t ive  definite a r e  the following: 

M ~ > 0 ,  M ~ > 0 ,  M a > 0  

L~ > O, L~L~ - -  Na ~ > O, Na L~ 
N~ N~ L a 

(6.3) 

These  conditions r e p r e s e n t  r e s t r i c t i ons  on the  equation of s tate  

E = E ( p , D ,  5, S) 

It is in te res t ing  to note that  t hese  r e s t r i e t i ons  a re  more  s tr ingent  than the conditions for  hyperbol ic i ty  
of the sys t em (4.10); finally, we note that  they depend on the specif ic  choice of the xi] .  

As we have a l ready  r e m a r k e d  ( s ee  See. 5), in the ease  of the l inear  theory  of e las t ic i ty  

M~----M, = M ~  : ~ / p o  
N~ ---- N~ -- N~ = (~-k ~) / P6 

The  conditions (6.3) for  pos i t ive  def ini teness  then reduce to the inequali t ies  

f f ~ 0 ,  ~. ~ --4/3 Vt 

while the conditions fo r  hyperbol ic i ty  a re  
~ > 0 ,  z > - 2 ~  

It  is  noted in [16] that,  as  a rule ,  for  all  e las t ic  med ia  

~>0, ~>0 

We r e m a r k  that  the roots  of the c h a r a c t e r i s t i c  de te rminan t  of the sy s t em (6.1), namely,  

fll~ 
0 

0 
0 
0 
0" 

A~ +X~ 
ASl § xal 

0 0 0 0 0 
flI3 --  (A ~ q- X ~1) ~ --  (A ~* A- X ~2) ~ - -  (A ia -4- X 13) [i --  Bi[~ 

- (A ~* + X ~) ~ (A~ + X '') f~ (A~* + X ~*) ~ (A ~3 + X19 OB ~ 
- -  (A ** + X *~) [ ~  (A ~1 + X *~) ~ (A *~ + X **) ~ (A 2~ + X*9 ~B* 

_ (A ~* + X s*) i,O (A 3~ + X 3~) ~ (~1 ~* + X 8~) f~ (A ~8 + X 33) f~B 3 
- -  Bi*~ f~B 1. fiB2* ~B~* t ip  

/ A ~ -t- X n A~2 .~_ X lqr AI3 _1(- XI$ B ~, 
A**-kX ~* A * ~ + X  *~ B* 
A 8 * + X  8. A ~ + X  ~ B ~ 

B~* BS* P 

do not depend on the m a t r i c e s  X ij, B i, P. 
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